A simple proof, using contour integration, of the functional equation of Dirichlet i-functions is given.
G(n, x) = x(n)G(x).
Secondly [1, p. 313], (2) G(x)G(x) = x(-")k.
Theorem. The Dirichlet L-function, L(s,x) = %x(n)rrs, a = Re s > 0, n=l can be analytically continued to an entire function which satisfies the functional equation
Proof. For a>l, it is quite easy to show that [2, pp. 194, 200] Jo 1 -e~kx Equation (4) is the starting point for a proof of (3) by Ayoub [2] , but otherwise our proof has nothing in common with his. Since j>1, clearly the integral of F over Tm tends to 0 as tm tends toco. Hence, upon letting m tend to oo in (5), we find that Us y) = r G^®dz + f""0 e-^G(z,x)dz
The two infinite integrals on the right side of (6) each converge uniformly on any compact set of the complex j-plane. Thus, (6) shows that L(s, ¿) can be analytically continued to an entire function of j, and (6) is then valid for all s. Now suppose that s<0. Since G(0, ¿)=0, it is trivial to see that the integral over Tc on the right side of (6) tends to 0 as £ tends to 0. Letting £ tend to 0 in (6), we then obtain for s<0, L(s, x) = ie-<»* r <*&>*> *y -W-« f Jo G(y)vs(l -e-2*y) Jo 2'vG(-iy,x)dy G(x)f(l -e~2*«) Jo G(x)f(l -e~2n
(7) = ie-o'Xkßrrf-Í00 G(ikyl2,,x)dy 
